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ABSTRACT 
A heterogeneous porous sphere containing two-
layer porous medium with internal radius 1r and 
external radius 2r is considered, which is immersed 
in a uniform stream of the inflow velocity U. The 
internal porous region, the external porous region 
and the free fluid region are denoted by regions I, II 
and III respectively. Darcy-Brinkman equations are 
adopted to describe the flow in region I and II, and 
Stokes equations are adopted to describe the flow 
in region III. The continuity of the velocity components 
and stresses are taken at the interface between 
region I and II. The continuity of the velocity 
components and normal stress and tangential 
stress jump conditions are taken at the interface 
between region II and III. The exact flow and drag 
solutions are derived and verified in some limiting 
cases by comparing with the solutions derived in 
other researchers’ works. In addition, it is found that 
both the permeability and the stress jump 
coefficient have significant effect on the drag.  
Keywords: Stokes flow; two-layer heterogeneous 
porous sphere; stress jump condition; Darcy-
Brinkman equation 
INTRODUCTION 
The flow past a porous sphere has extensive 
industrial and engineering applications[1-3], such as 
the flow in porous beds, the flow of pulverized coals 
particulate during combustion, sedimentation of fine 
particulate suspensions, the filtration of solids from 
liquids etc.  
Stokes flow past a homogeneous porous sphere 
has been studied by many researchers[4-11]. 
Padmavathi  and Amaranath[4] studied a general 
non-axisymmetric Stokes flow of viscous fluid past a 
porous sphere using the Darcy model in the porous 
medium. Vainshtein[5] investigated creeping flow 
past a porous spheroid. The Stokes and Darcy 
equations were used to govern the fluid outside and 
inside the porous spheroid respectively. Higdon and 
Kojima[6] discussed Stokes flow past porous 
particles. They adopted Darcy-Brinkman model to 
describe the flow in porous sphere. Yu and Kaloni[7] 

constructed a Cartesian tensor solution of Darcy-
Brinkman equation for the uniform flow past a 
porous sphere and calculated the drag force on the 
sphere. By proposing a representation of the 
velocity and the pressure fields in a general non-
axisymmetric Stokes flow, Padmavathi et al.[8] 
calculated the drag and torque for the porous 
sphere. The continuity conditions of the velocity and 
stress components at the porous/clear fluid 
interface were used in the above-mentioned works. 
However, Ochoa-Tapia and Whitaker[12, 13] 
investigated the boundary conditions at the 
porous/clear fluid interface. Their works resulted in 
the stress jump boundary conditions which require 
a discontinuity in the tangential stress but continuity 
in the velocity components and normal stress. 
Srivastava[10] used the conditions suggested by 
Ochoa-Tapia and Whitaker[12, 13] to discuss flow past 
a porous sphere at low Reynolds number. Sekhar et 
al.[11] found that the stress jump coefficient had a 
great effect on the drag of the porous sphere. 
The composite structure of a porous sphere with an 
impermeable core is an expansion of a completely 
porous sphere. Sekhar and Amaranath[14] used 
Darcy’s law in the porous region and Stokes 
equations in the fluid region for Stokes flow past this 
structure. Padmavathi and Amaranath[15] proposed 
a solution of Darcy-Brinkman equation for an 
arbitrary Stokes flow. Bhattacharyya and Raja[16, 

17]considered the stress jump boundary conditions 
at the interface between the clear fluid and porous 
region to calculate the drag force and torque. The 
uniform Stokes flow past a porous sphere with a 
rigid core with the stress jump boundary conditions 
was discussed by Srivastava[18]. 
Another expansion structure is a porous sphere 
containing concentric a spherical cavity. Bhatt and 
Sacheti[19] derived the exact solution for the flow 
past a porous spherical shell and discussed the 
drag on the sphere for different values of governing 
parameters by adopting the Darcy-Brinkman model 
in the porous shell. Hsu et al.[20] investigated the 
advantages by adopting Darcy-Brinkman model in 
the porous shell. Keh and Lu[21] researched the 



 

impacts of governing parameters on the motilities 
for a porous spherical shell by solving the Stokes 
and Darcy-Brinkman equations respectively.  
Only one-layer homogeneous porous medium was 
considered for above-mentioned cases. In this 
paper, a heterogeneous porous sphere containing 
two-layer porous media with internal radius 1r  and 
external radius 2r  is considered, which is immersed 
in a uniform flow with velocity U. As boundary 
conditions, continuity of the velocity components, 
and the stress jump condition at the porous/fluid 
interface, continuity of the velocity and stress 
components at the porous/porous interface are 
adopted. The exact solutions of velocity distribution 
and drag force on the surface of the sphere are 
determined. Moreover, these solutions are verified 
in some limiting cases. 
1 Mathematical formulation 
The problem is concerned by dividing the flow in 
three regions (Fig.1): I is the region of the internal 
porous sphere, II is the region of the external 
porous sphere, III is the region of the clear fluid. 

 
Fig.1: The physical model of the problem 

The flow in region I ≤ ≤ 1(0 )r r and II ≤ ≤1 2( )r r r is 
governed by the Darcy-Brinkman model: 
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2
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 ∇ ⋅ = 0iV  (2) 
And the flow in region III ( ≥ 2r r ) is governed by the 
Stokes equations: 
 µ∇ = ∇ 

 

2
3 3P V  (3) 

 ∇ ⋅ =

3 0V  (4) 

where µ , ,i i eiV P and ik , i=1, 2, are the velocity 
vector, pressure, effective viscosity and 
permeability of the internal and external porous 
medium respectively. 3V , 3P and µ are the velocity 
vector, pressure and viscosity of the clear fluid flow.  
Considering the axial symmetry of the motion, we 
take θ

 ( , ,0)ri iu u , i=1,2,3, as the velocity components 
in the directions of θ φ( , , )r in the regions I, II, III 
respectively. The Stokes’ stream functionϕi , i=1,2, 
3, in the spherical polar coordinates is defined to 
satisfy the continuity Eqs.(2) and (4) by: 
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2 Method of solution 
2.1 Dimensionless governing equations 
The flowing dimensionless variables are introduced: 
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The governing Eqs.(1) and (3) for region I, II, III can 
be rewritten as: 
 ϕ α ϕ− = =4 2 2 0 ( 1, 2)i i iD D i  (7) 
 ϕ =4

3 0D  (8) 
where D is defined as: 

 η
η
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2.2 Boundary conditions 
At the interface between the region I and II, λ=r , 
we adopt the continuity conditions of the velocity 
and stress components: 

 θ θ

θ θτ τ τ τ
= =

= =
1 2 1 2

rr1 2 1 2

,
,

r r

rr r r
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At the interface between the region II and III, = 1r , 
we use the continuity of the velocity components, 
continuity of the normal stress, and the stress jump 
condition given by Ochoa-Tapia and Whitaker[12, 13] 
for the tangential stress: 

 θ θ

θ θ θτ τ τ τ βσ
= =

= − =
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where β is the stress jump coefficient. 
 θθ θ= = −3 3cos , sinru u , as → ∞r  (12) 
 θ1 1,ru u  should be finite, as → 0r  (13) 
2.3 Solutions 
The Eq.(7) gives(for i=1, 2): 
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The velocity distributions are given by(for i=1, 2): 
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The corresponding stresses are given by(for i=1, 2): 
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While Eq.(8) gives: 
 ϕ η −= − + + +2 1 2 4

3 (1 )[ )Ar Br Cr Dr  (19) 
The velocity distributions are given by: 
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The corresponding stresses can be obtained by: 
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where the constants =, , , , , , , , 1, 2i i i iA B C D K M N G i can 
be determined by using the boundary conditions: 
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with: 
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The drag on the surface of the sphere is given by: 
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When the sphere is impermeable, it can be derived 
that B=-3/4. And the drag is given by: 
 πµ=

*
26Dr Ur  (58) 

which is the Stokes’ classical solution[22]. And the 
dimensionless drag can be defined as: 
 πµ= = −

2/ (6 ) 4 / 3Dr Dr Ur B  (59) 
3 Limiting cases for Stokes flow 
The analytical solutions can be verified in some 
limiting cases. 
3.1 Flow past a homogeneous porous sphere 
When the internal and external porous medium 
have the same properties ( γ γ σ σ，2 2

1 2 1 2= = ) or the 



 

internal radius 1r approaches zero ( λ → 0 ), the two-
layer heterogeneous porous sphere can be viewed 
as a homogeneous sphere. Some researchers[8, 9, 

16, 17, 19] took γ 2 =1 , i.e. µ µ=e , so that the 
calculations can be much simplified. Here by 
taking γ 2

2 =1, the following expression for rD is given 
by: 
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which agrees with the solution of Srivastava[10]. If 
we take the stress conditions to be continuous at 
the porous/clear fluid interface, which means β = 0 , 
we get the following expression for rD : 
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which is identical with the dimensionless solution 
given by Yu and Kaloni[7] and Padmavathi and 
Amaranath[4].  
3.2 Flow past a porous sphere with a solid core 
When the permeability in internal region 
approaches zero ( →1 0k , i.e.σ → ∞1 ), the porous 
sphere reduces to the porous spherical shell 
containing an impermeable core. Therefore, by 
taking limit of σ1 in the expressions (25) and (59) 
tending to infinity, the value of the corresponding 
drag force can be found.  
Table 1 gives the values of rD for σ → ∞1 . 
Srivastava[18] calculated the values of the drag force 
for Stokes flow past a porous sphere with a rigid 
core. But the coefficient of the constant M in the 
Eq.(32) of their work[18] should be 12 instead of 24, 
and the coefficient of the constant A on the right 
side of the the Eq.(33) of their work[18] is supposed 
to be -1 instead of 1. It can be found in Table.1 that 
the values calculated in present work are exact the 
same as that calculated from the revised equations 
in the work of Srivastava[18]. 
Table 1. The values of rD for various values of λ σ 2,  
forσ γ β→ ∞ = = −2

1 2, 1, 0.5  
σ λ2 \   0.25 0.5 

5 present work 0.83054 0.83929 
Srivastava’s work 0.83054 0.83929 

6 present work 0.86144 0.86637 
Srivastava’s work 0.86144 0.86637 

7 present work 0.88339 0.88642 
Srivastava’s work 0.88339 0.88642 

3.3 Flow past a porous spherical shell with a 
concentric spherical cavity 
When the permeability in the internal region 
reaches infinity ( → ∞1k , i.e. σ →1 0 ), the current 
structure turns out to be a porous spherical shell 
with a concentric spherical cavity. The solution can 

also be found by taking limit ofσ1 in the expressions 
(25) and (59) tending to 0. Bhatt and Sacheti[19] 
derived the exact solution of the drag with the 
continuity conditions of the velocity components, 
normal and tangential stresses at the porous/clear 
fluid interface for this case.  
Since the expression is much lengthy, to verify our 
solution we have calculated some values of rD for 
σ →1 0 . It can be concluded in Table.2 that the 
values calculated in present work and Bhatt’s work 
are exactly the same. 
Table 2. The values of rD for various values of λ σ 2,  
forσ γ β→ = =2

1 20, 1, 0  
σ λ2 \   0.25 0.5 

5  present work 0.76298 0.75821 
Bhatt’s work 0.76298 0.75821 

6  present work 0.80512 0.80203 
Bhatt’s work 0.80512 0.80203 

7  present work 0.83505 0.83288 
Bhatt’s work 0.83505 0.83288 

4 Results and discussion 
The drag force on the porous sphere rD is a function 
of six pertinent parameters γ σ γ σ λ β1 1 2 2( , , , , , ) .  

 
Fig.2: Variation of rD with γ 2

2 for γ σ λ= = =1 11, 5, 0.5,  
β = 0.5  

 
Fig.3: Variation of rD with γ 2

1 for γ σ λ= = =2 21, 5, 0.5,   
β = 0.5  
The dependence of the dimensionless drag rD on 
the external viscosity ratio γ 2  is presented in Fig.2 



 

for different values ofσ 2 . Fig.3 shows the variation 
of rD with the internal viscosity ratio γ1 for different 
values of σ1 . Fig.2 shows that, as the external 
viscosity ratio increases, there is a slight increase in 
the drag at small external viscosity ratio. However, 
Fig.3 shows that the drag is almost unaffected with 
the variation of the internal viscosity ratio.  

 
Fig.4: Variation of rD withσ 2 for γ γ λ= = =1 21, 1, 0.5,  
β = −0.5  
Fig.4 shows the variation of rD  withσ 2 for different 
values ofσ1 . It can be found that the drag increases 
significantly with the increase ofσ 2 . For smallσ 2 , 
the increasing of the drag withσ 2 is more obvious 
and the drag will increase withσ1 . With increasing 
inσ 2 , the difference between the drags calculated 
from different σ1 becomes small. For large value 
ofσ 2 , the drag will be independent ofσ1 . 

 
Fig.5: Variation of rD  with β  for γ γ λ= = =1 21, 1, 0.5,  
σ =1 5  
Fig.5 shows the variation of rD with the stress jump 
coefficient β for different values of σ 2 . It can be 
concluded that the drag decreases with the 
increase of β , and it will decrease sharply for 
large β , which shows the influence of the stress 
jump condition at the porous /clear fluid interface 
cannot be ignored. In addition, it is interesting to 
find that the value of rD becomes negative for some 
large values of β . If the drag is considered to be a 

positive value, there is a corresponding range of β   
which can be obtained based on the solutions in 
present work. 

 
Fig.6: Variation of rD  with λ  for γ γ β= = =1 21, 1, 0.5,  
σ =1 8   
The variation of rD with λ for differentσ 2  is drawn in 
Fig. 6. It can be found that, whenσ σ<2 1 , the drag 
increases as the inner to outer ratio increases since 
the average permeability of the whole region 
decreases as the inner to outer ratio increases. On 
the other hand, whenσ σ>2 1 , the drag decreases 
as the inner to outer ratio increases. Whenσ σ2 1= , 
the drag remains constant.  

 
Fig.7: Variation of ru with r for γ γ β= = = −1 21, 1, 0.5,  
θ π= / 4  
Fig.7 presents the variation of the radial velocity 

ru for different values ofσ 2 andσ1  at θ π= / 4 . Fig.7 
shows that the radial velocity of fluid for the case 
whenσ 2 andσ1are small is greater than that for the 
case when σ 2 and σ1 are large. Furthermore, the 
value of σ 2 has a remarkable influence on the 
velocity distributions in the region of the clear fluid.  
CONCLUSIONS 
From the above analysis, we can get the following 
conclusions: 
(1) The exact flow and drag solutions for Stokes 
flow past a two-layer heterogeneous porous sphere 
with the stress jump condition are derived in this 
paper, which are equivalent to the exiting solutions 
in some limiting cases. 



 

(2) Both the permeability and the stress jump 
coefficient have significant effects on the drag. The 
drag increases as the average permeability of the 
whole porous region decreases, and decreases 
with increase of the stress jump coefficient. In 
addition, the drag on the porous is more affected by 
the parameters of the external porous medium. 
(3) The drag becomes negative for some large 
values of β . To keep a positive value of drag, the 
proper range of β can be obtained based on the 
solutions in this paper. 
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