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Abstract
Direct numerical simulations (DNS) are conducted to characterize the fluid-particle
heat transfer in dense arrays of non-spherical particles with a sphero-cylindrical shape.
The objective of this study is to examine the suitability of the DNS for the prediction
of the average heat transfer coefficient in such systems. The results are compared to
the Gunn correlation for heat-transfer of spherical particles by introducing an effective
diameter for the non-spherical particles.

1

Introduction

Non-isothermal packed and fluidized bed reactors are widely used in a variety of process
industries. Detailed knowledge of the velocity and temperature fields inside the equipment
is necessary to optimally design and accurately predict the performance of such systems.
Many investigations on heat and momentum transfers in packed and fluidized bed
reactors have been performed to develop Nusselt number and friction-factor correlations
for such systems. Although these correlations are expected to predict the flow and heat
transfer characteristics in beds with spherical particles reasonably well, their validity for
non-spherical particles is questionable. It is well-known that the pressure drop in a porous
bed packed with spherical particles can be estimated satisfactory with the use of empirical
Ergun correlation. However, the extension of the Ergun equation to a bed packed by nonspherical particles is not straightforward. An accepted approach which has its foundation in
the Carman-Kozeny approximation, is to use an effective diameter for non-spherical particles
in the Ergun equation.
Our current knowledge of the heat transfer characteristics for these systems follows
mainly from experiments (e.g. Gunn [1] ,Wakao and Kaguei [2] and Kunii and Levenspiel
[3]). Although these well-known correlations are widely used to predict the heat performance
of the packed and fluidized beds, their applicability to non-spherical particles has not been
assessed yet. In addition, the heat transfer between fluid and particles is strongly affected by
the local fluid-solid flow structure and varies spatially for non uniform structures. Therefore,
the effect of the packing material shape needs to be considered for accurate prediction of
heat transfer characteristics.
In order to gain detailed information at the small scale, DNS of flow and heat transfer
processes through a random array of non-spherical particle were conducted. Although the
particles do not move the results are relevant for fluidized beds because particles do not
touch as in a packed bed, but are separated as in a fluidized bed. In this study, we
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Figure 1: Illustration of the IB-method (a) A two-dimensional staggered Cartesian grid with
IB. Locations of ux and uy are represented by horizontal and vertical arrows, respectively.
Scalar variables are positioned at the center of each cell (filled squares). Lagrangian points
on IB are shown with filled circles. (b) Representation of a sphero-cylinder by Lagrangian
points.
employed the Immersed Boundary (IB) method proposed by Uhlmann [4] to simulate nonisothermal flow through a complex geometry (i.e. a random array of sphero-cylinders).
Non-overlapping sphero-cylinders (100) are distributed in a cubic domain by a standard
Monte Carlo procedure for hard cylinders. Based on the predicted flow and temperature
fields, the average heat transfer coefficient can be estimated numerically as function of
particle shape, Reynolds number and porosity.

2

Immersed Boundary method

Since the complete description of the IB method can be found in literature (e.i. Uhlmann
[4], Wang et al. [5], Feng et al. [6]), we only provide a brief description of the method in
this section. In IB methods, a fixed Eulerian grid and moving Lagrangian boundary points
are employed (Fig. 1(a)). The fluid is assumed to occupy the full domain, even inside the
particles. The particles are represented by Lagrangian points which are distributed over the
outer boundary of the particles (Fig. 1(b)). In this method, IB forces and energy source
terms are introduced into the momentum and thermal energy equations, respectively, to
describe the mutual hydrodynamic and thermal interactions between the particle and the
fluid. The source terms are evaluated iteratively such that the desired boundary conditions
are fulfilled on the IB.
The following equations can be used in the entire domain for unsteady incompressible
fluid flow with constant properties and negligible viscous heating effect:
∂u
+ u · ∇u = −ρ−1 ∇p + ν∇2 u + f , ∇ · u = 0,
∂t
ρcp

∂T
+ ρcp u · ∇T = k∇2 T + q.
∂t

2

(1)
(2)

In the above equations, ρ, ν, cp and k are the density, kinematic viscosity, specific heat
and thermal conductivity of the fluid, respectively; u is the vector of velocity field, T is the
fluid temperature and p is the fluid pressure.
In the momentum equation (Eq.1), the additional volume forcing term f , compared to
the Navier-Stokes equations, is determined such that the no-slip velocity boundary condition
is enforced on the immersed boundary. Similarly to the momentum interaction, an additional
volume heat source term, q, is added to satisfy the temperature boundary condition at the
IB. In fact, f and q are the mutual force and energy interactions, respectively, between fluid
and IB and are non-zero only over the IB interface.
The momentum and energy equations were discretized by a finite difference scheme
based on a staggered Eulerian grid. The equations were integrated in time using the
fractional-step method. The nonlinear convection terms were approximated by the explicit
second-order Adams-Bashforth method. The viscous and conduction terms in the momentum and energy equations, respectively, were treated in time using the Crank-Nicolson
scheme.
The sources defined at the Lagrangian points (i.e., forces and heat-sources) are coupled
to the Eulerian grids by means of regularized delta-functions. Values for the velocities
and temperatures defined on the Eulerian grid are interpolated to give the values at the
Lagrangian points using the same delta-functions. An iterative procedure was used to
determine the source-terms such that boundary conditions at the Lagrangian points are
obeyed.

3

Problem definition

In this section, we introduce the non-spherical particle used in this study. Following this,
Reynolds number and particle size definitions are presented. The non-spherical particle
used in present study is the sphero-cylinder with the diameter D and length L (Fig. 1(b)).
Three different aspect ratios (L/D) of 2,3 and 4 are considered to investigate the effect of
the aspect ratio on the fluid-particle heat transfer.

3.1

Simulation conditions

A typical particle configuration used in this study is shown in Fig. 2. The computational
domain consists of inlet, packed and outlet sections. N = 100 non-overlapping spherocylinders are distributed in the packed section via a standard Monte Carlo procedure for
hard cylinders. The center of each particle is inside the packing section and particles do
not touch the inlet and outlet boundaries. The desired voidage ε is calculated as the ratio
of empty space between particles to the volume of packed section.
The fluid flows through the duct in direction z. Periodic boundary conditions are
imposed in other directions (x and y) in order to avoid wall effects. The particles are
maintained at a constant temperature Ts = 320 K whereas the temperature of the fluid
at the inflow is set at T∞ = 275 K. The Pr number was fixed to 1 for all simulations. So
the fluid is in fact a gas.
The boundary conditions for this simulation are set as follows:
• At the inlet, uniform axial velocity Us and temperature T∞ of the fluid are imposed:
ux = uy = 0, uz = Us and T = T∞ .
3
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Figure 2: Geometrical configuration constructed by a random array of sphero-cylinder particles (L/D=2 and ε=0.9).
• At the outlet, the boundary conditions are:
∂u/∂z = 0, ∂T /∂z = 0

(4)

• On the periodic boundaries:
u(0, y, z) = u(X, y, z), T (0, y, z) = T (X, y, z)
u(x, 0, z) = u(x, Y, z), T (x, 0, z) = T (x, Y, z)

(5)

where X and Y are the sizes of domain into the x and y directions, respectively.
• On the particle surface, no-slip velocity and isothermal temperature are assumed:
u = 0, T = Ts

(6)

In Fig. 3 an example of the distributions of non-dimensional temperature ((T (x, y, z) −
T∞ )/(Ts − T∞ )) and non-dimensional velocity magnitude (|u|/Us ) of the fluid inside a
random array of sphero-cylinders when Re=13.572, L/D=2 and ε = 0.9 is shown.

4

Heat transfer coefficient for a fluidized bed

In our simulations, it is assumed that the system has constant physical properties where
the individual particles maintain a fixed temperature, Ts . According to these assumptions,
the following equation can be used to predict the fluid thermal behavior in the bed:
Us ρcp

dTb
= hf · As · (Ts − Tb )
dz

(7)

where hf is local heat transfer coefficient, As is specific fluid-particle heat transfer surface
(total surface area of the particles divided by the volume of the bed) and Tb is the cupmixing temperature of the fluid. An average heat coefficient hf can found by solving Eq.
7 for a constant heat-transfer coefficient,


Us ρcp
Ts − Tb2
hf = −
ln
,
(8)
As Z
Ts − Tb1
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Figure 3: Computed fluid [a] non-dimensional temperature ((T (x, y, z) − T∞ )/(Ts − T∞ ))
and [b] non-dimensional velocity magnitude (|u|/Us ) distributions in a random array of
sphero-cylinderical particles. (Re=13.572, L/D=2 and ε=0.9)
where Tb1 =275 K and Tb2 are enter and exit cup mixing temperatures of the fluid, respectively, and Z the length of the bed. This relation is used to determine hf from simulation
data.
In order to enable a reliable comparison between CFD generated results and empirical
correlations, the mean Nusselt number was computed for different values of the Reynolds
number, ε and aspect ratio’s. The value of the Nusselt number and the Reynold number
depends on the definition used for the effective diameter, De ,
Nu = hf De /k, and Re = ρ Us De /µ.

(9)

where µ is the fluid viscosity, Us is the superficial velocity and De is the effective particle
diameter. The definition of the particle diameter for non-spherical particles, however, is
ambiguous. Two often used effective diameter definitions, that can be computed from
geometric properties of a particle, are the Sauter mean diameter Ds and the equivalent
volume sphere diameter Deq ,
6Vp
Ds =
and Deq =
Ap



6Vp
π

1/3
,

(10)

respectively, where Vp and Ap are the volume and surface area of the particle. Both
definitions give the diameter for a spherical particle, and both definition scale linearly of
the size of a particle is scaled equally in all special directions. For non-spherical particles
both parameters, scale differently when changing the aspect ratio. In this study, these two
definitions are employed to define dimensionless groups such as Re and Nu.
For spherical particles in packed and fluidized beds the fluid-particle heat-transfer coefficient is predicted reasonably well by empirical correlations of Gunn:
NuGunn = (7 − 10ε + 5ε2 )(1 + 0.7Re0.2 Pr1/3 ) + (1.33 − 2.4ε + 1.2ε2 )Re0.7 Pr1/3
for 0 < Re < 105 , 0.35 < ε < 1. (11)
5

For sphero-cylinders there is an extra dimensionless group, namely, the aspect ratio. In
order to extend the Gunn correlation applicability to non-spherical particle, an accepted
approach can be introducing a shape factor in Eq.11 and replacing the constants of the
equation with new constants based on experimental data. However, the estimation of these
constants for different particles is a difficult task and probably a variation in constants will
be observed due to the diversity in shape and size distributions of particles in the bed.
In this study, we investigate if the constants of Eq. 11 can still be used when a
suitable effective diameter De is used. The hope is that the aspect ratio dependence
incorporated in the definition of Ds and Deq in Eq. (10) accounts for the shape dependence.
Now, the intriguing question is what effective particle diameter should be used in the
calculation. To answer this question, DNS have been performed to investigate the heat
transfer characteristic in a bed packed with the sphero-cylinder particles.

5

Results and discussion

Figs. 4, 5 and 6 report Nusselt numbers generated by the DNS and according to the Gunn
correlation (Eq. 11). The different figures correspond to the different aspect ratios of the
particles considered. An overall agreement is observed in the trends of the numerical and
the experimental results. However, it seems that the Gunn correlation must be modified
for high Reynolds number (Re > 100) and dense systems.
The effect of the choice De on the estimation of the correlation of the Nusselt number
is shown. The Nusselt numbers that are reported in figures by circle and square symbols
indicate De = Deq and De = Ds , respectively. Although the correspondence between
the Gunn correlation and the simulation results are not that good one can make another
observation.
Suppose that there is a correlation that only depends on Nu(Re, ε, Pr) for a suitably
chosen definition of De . In that case the results for the different aspect ratio’s L/D at the
same ε should lie on the same master curves. So, when comparing the three graphs the
best definition of De is the one for which the points, of a specific color, remain on the same
curve. When comparing the graphs the circles De = Deq seem to yield a better field.

5.1

Conclusions

Motivated by uncertainty in the heat transfer correlations for a fluidized bed with nonspherical particles, DNS have been conducted to characterize heat transfer in a fluidized
bed with sphero-cylinder particles. The results show that the immersed boundary method
approach is indeed well suited to compute heat-transfer properties, also for non-spherical
particles.
The simulation results are shown to correspond with the Gunn correlation as far as
trends is concerned. The quantitative correspondence with the Gunn correlation is very
well at low void fraction and higher Reynolds numbers.
Here we presented our first results on the heat transfer in beds of non-spherical particles.
From these results it is hard to conclude if good Nusselt correlations can be formulated for
non-spherical particles by the introduction of a suited effective diameter. Many more simulations are needed such that the parameter space can be better sampled. The development
of improved correlations for fluid-particle heat transfer is the final goal.
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Figure 4: The mean Nusselt number in random arrays of sphero-cylinder obtained from
Gunn correlation and numerical simulations when L/D = 2. The DNS results are shown
by circles and squares when De = Deq and De = Ds , respectively.
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Figure 5: The mean Nusselt number in random arrays of sphero-cylinder obtained from
Gunn correlation and numerical simulations when L/D = 3. The DNS results are shown
by circles and squares when De = Deq and De = Ds , respectively.
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Figure 6: The mean Nusselt number in random arrays of sphero-cylinder obtained from
Gunn correlation and numerical simulations when L/D = 4. The DNS results are shown
by circles and squares when De = Deq and De = Ds , respectively.

Notation
Ap
cp
De
Deq
Ds
hf
k

Surface area of the particle (m2 )
Specific heat (W/kg.K)
Effective particle diameter (m)
Equivalent volume sphere diameter (m)
Sauter mean diameter (m)
Average heat coefficient (W/m2 .K)
Thermal conductivity (W/m.K)

p
T
u
Us
Vp
ρ
ν

Fluid pressure (N/m2 )
Fluid temperature (K)
Vector of fluid velocity (m/s)
Superficial velocity (m/s)
Volume of the particle (m3 )
Density (kg/m3 )
Kinematic viscosity (m2 /s)
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